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Laminar Converging Flow of Dilute Polymer

Solutions in Conical Sections:
Part l. Viscosity Data, New Viscosity Model, Tube Flow Solution

J. L. SUTTERBY

University of Wisconsin, Madison, Wisconsin

This investigation is reported in two ports. Necessary background information is introduced
in Part I. The converging flow investigation proper is described in Part It (18).
In Part 1, viscosity data are presented for polymer solutions used in the converging flow

experiment. These data are fitted with a new three-parameter viscosity model which fits the
data better than previous three-porameter models. (The viscosity model parometers are used
in Part 1l to characterize rheological behavior of the polymer solutions in the converging flow
experiment.) The corresponding reiationship between flow rate and pressure drop for laminar
flow in cylindrical tubes is derived. (In Part Ii this relationship is used in deriving an analogous
relationship for slow non-Newtonian flow in conical sections.)

The primary purpose of Part | is to provide background information for Part 1l. However,
the new viscosity mode! and the tube flow relationship are of some interest in themselves. The
new viscosity model should prove useful for describing viscosity data of a variety of polymer
solutions and polymer melts. A simple procedure for fitting the model to viscosity data is
described. The tube flow relationship can be used for predicting pressure losses once the vis-
cosity model parameters have been determined. Conversely, it can be used for determining

the viscosity model parameters from tube flow data.

Polymer solutions and polymer melts exhibit several
types of rheological phenomena. These include non-New-
tonian viscosity, normal stresses in steady shear flow, and
various time-dependent elastic effects. In some applica-
tions viscosity data alone give an adequate rheological de-
scription of such viscoelastic fluids. For example, viscosity
data are sufficient for establishing the flow rate vs. pressure
drop relationship for steady laminar flow in tubes—one
of the simple viscometric flows having only one velocity
component. In nonviscometric flows (for example, flow
in conduits with varying cross section, flow in packed
beds, turbulent flows), viscosity data may not be suffi-
cient for establishing the flow rate vs. pressure drop re-
lationship. The complexity of the fluid evidenced by nor-
mal stresses and time-dependent elastic effects may influ-
ence this relationship.

An a priori estimate of the magnitude of this effect can-
not be made because little is known about nonviscometric
flows. This investigation (17) provides information for
one particular nonviscometric flow, namely, laminar con-
verging flow in conical sections.

If one knew how to characterize completely the rheo-
logical behavior of viscoelastic fluids, the problem would

J. L. Sutterby is at Virginia Polytechnic Institute, Blacksburg, Virginia.
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be solved, at least in principle. In simple cases one might
be able to derive the flow rate vs. pressure drop relation-
ship. In more complex ones, consideration of the dimen-
sionless form of the flow equations would indicate suitable
dimensionless groups for correlating experimental data and
would also indicate under what conditions order-of-mag-
nitude simplifications could be made. Unfortunately, it is
not yet known how to characterize completely the be-
havior of viscoelastic fluids, Many rheologists are currently
occupied with this problem. A recent text by Lodge (8)
provides an excellent introduction to this work.

The approach taken in this investigation was to assume
that viscosity data were sufficient for establishing the flow
rate vs. pressure drop relationship in the converging flow
experiment. Good agreement between experiment and
theory based on this hypothesis would verify the hypothe-
sis, provided, of course, that the investigation were care-
fully done. A large discrepancy would refute the hypothe-
sis, indicating need for additional rheological data. A more
extensive investigation would then be required to deter-
mine what additional rheological data were needed and
how they should be employed.

The investigation is reported in two parts. Necessary
background information is introduced in Part I (this
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paper). The converging flow investigation proper is de-
scribed in Part II (I18).

GENERALIZED NEWTONIAN CONSTITUTIVE EQUATION (3)

The generalized Newtonian equation is a relatively
simple constitutive equation which can describe non-New-
tonian viscosity but not normal stresses or time-dependent
elastic effects. It may be written as

1-'=——173 (1)

For incompressible fluids, v may depend on the second

and third invariants of A (or of 7). These invariants are
defined as

L =3 Ay 80 (2)
£
III, = determinant of the A matrix (3)

The A,, are tabulated in rectangular, cylindrical, and
spherical coordinates on pages 88 to 90 of reference 3. In
viscometric flows, III, vanishes and hence has no effect on
7. In nonviscometric flows the dependence of  on I, is
not known. It is customary to neglect any such dependence
and assume that % is a function of I, only.

In viscometric flows, Equation (1) reduces to

T=-—7q4A (4)

For polymer solutions and polymer melts, one commonly
observes that 4 approaches a limiting value 5, as A ap-
proaches zero, and that 5 approaches another Hmiting
value 7, (less than »,) as & becomes very large. For inter-
mediate A, one often observes that log 7 is a linear func-
tion of log A for a wide range of A. The latter characteris-
tic is called power law behavior.

A number of models have been proposed to describe
viscosity data. Several are listed in Table 1. These models
are merely mathematical functions of 7 or A which con-
form to one or more of the characteristics of viscosity data
noted above. Each model contains adjustable parameters
which are determined by curve fitting the model to viscos-
ity data. One hopes that these parameters can be used to
characterize the behavior of the fluid in nonviscometric
flows. The usual approach is to convert the % model to
tensorfally invariant form by replacing A by (& IL,)**
[or = by (% II,)*”]. Equation (1) is then substituted into
the equations of motion and energy (see for example,
reference 3). In simple applications, these equations can
be solved. In more complex ones, dimensional analysis will
indicate suitable dimensionless groups for correlating ex-
perimental data. It should be emphasized that this proced-
ure does not account for normaF stresses, time-dependent
elastic effects, or the effect of IIl, on 7. Hence, it may not
be applied indiscriminately. Several successful applications
(including this one) were recently cited by Bird (4).
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Viscosity Models

. 1Characteristics of models listed in Table 1 are described
elow.

The Ostwald-de Waele or power law model (two pa-
rameters) predicts a linear relationship between log  and
log A. It cannot describe », or 3. and hence is applicable
only for intermediate shear rates.

The Ellis model (three parameters) can describe 5, but
not .. For large A it predicts a linear relationship be-
tween log 7 and log A. This model is applicable for low
and intermediate shear rates. Mathematical solutions for
flow of an Ellis model fluid were recently catalogued by
Matsuhisa and Bixd (9).

The Powell-Eyring model (three parameters), Seely
model (three parameters), and Meter model (four param-
eters) are adapted for fitting viscosity data over the entire
range of shear rates. All three can describe 5, and .. The
Powell-Eyring and Seely models may not do a good job at
intermediate shear rates, particulari;r when the data ap-
proximate power law behavior over an extended range of
A,

One final observation concerning the Ellis and Meter
models: As parameter a approaches 1, 1/m,, and 1/rm
must approach zero. Otherwise these models do not re-
duce to the proper Newtonian limit (y = +,) as « ap-
proaches 1.

NEW VISCOSITY MODEL

A new viscosity model was proposed recently (17)

=, [ arc s('u;_};)(BA) ]“

in which »,, A, and B are positive parameters. Parameter
7, has the units of viscosity; A is dimensionless; B is a
characteristic time. Figure 1 shows the general shape of
viscosity curves predicted by Equation (5). The viscosity
7 approaches a limiting value 5, as A approaches zero. For
large 4, the relationship between log » and log A becomes
linear with slope —A. Parameter B specifies the value of A
for which 5 begins to drop off rapidly from «,. This model
should prove useful for describing viscosity data of a
variety of polymer solutions and polymer melts for shear
rates varying between zero and some indefinite upper
limit. Equation (5) cannot describe x,. This is not neces-
sarily a defect, since for many systems 4 approaches 7., at
extremely high shear rates rarely encountered in practice.
In any case, the following generalization of Equation (5)
can describe 7. as well as «,:

(5)

arc sinh (BA) T
{(Ba) ] (6)

Equation (6) should prove useful for describing viscosity
data over the entire range 7, = 5 = 4.

7= 10t (7 — 1) [
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Fig. 1. Master plot of n/n, colculated in accordance with Equation
(5). Table B-3 of reference 17 contains entries for plotting nine
interpolation curves between each pair of curves shown here.

When A = 0, Equations (5) and (8) both predict
Newtonian behavior ( = %.,). When A = 1, Equation
(5) reduces to the Eyring model, and Equation (6) re-
duces to the Powell-Eyring model. The Eyring models
have some theoretical basis. However, no theoretical sig-
nificance is claimed for Equations (5) and (6). It is
merely suggested that models of this type are flexible
curve fitting devices.

Curve Fitting Procedure

It is assumed that viscosity data have been reduced to
the form » vs. A and that it is desired to describe these
data by means of viscosity model (5). A simple procedure
for determining parameters »,, A, and B is described be-
low.

Table B-3 of reference 17 is a table of values of the
function /7, defined by Equation (5). Entries are given
for thirty-six values of BA (at intervals of approximatel
1/5 logarithmic cycle in the range 0.01 = BA = 100,000)
and for fifty-one values of A (at intervals of 0.02 in the
range 0 = A = 1). From this table a master plot of log
(n/7m.) vs. log (BA) is prepared with curves for several
values of A. Such a master plot is shown in Figure 1. The
viscosity data are plotted as log % vs. log A on a translu-
cent sheet of graph paper of the same scale as that of
the master plot. This data plot is superimposed on the
master plot and moved about (keeping the coordinate axes
of the two plots parallel) to find the curve of the master
plot which best fits the viscosity data Parameter A is read
from this curve. Parameter 4, is read from the ordinate 5
on the data plot which coincides with the 5/9, = 1 ordi-
nate on the master plot. Similarly, parameter B is read
from the abscissa Ba on the master plot which coincides
with the A = 1 abscissa on the viscosity plot.

Once the master plot has been prepared, the parameters
for a number of fluids can be determined quickly and
easily. A distinct advantage of this method is that one can
see directly how well the model fits the viscosity data. A
similar procedure for the Ellis model was recently de-
scribed by Bird (9).

VISCOSITY DATA

The test fluids in the converging flow experiment were
three aqueous solutions of Natrosol 250 H hydroxyethyl
cellulose. Their nominal concentrations were 0.3, 0.5, and
0.7% by weight. Cone-and-plate and falling-sphere vis-
cometer data were taken for each solution.

Cone-ond-Plate Viscometer Dota

The basic viscometer was a Ferranti-Shirley cone-and-
plate viscometer. In this instrument (10, 11) the test fluid
is sheared between a rotating cone and a stationary plate.
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Temperature is maintained constant by circulating water
from a constant temperature bath through a labyrinth in
the plate. The measured variables are © and T. The for-
mulas for calculating shear stress, viscosity, and shear rate
are of form [see, for example, Slattery (16)1

=K T (7)
1=K, (T/Q) (8)
A= (K.,/K.,,)Q (9)

in which K, and K, are known functions of the cone slant
height and the angle between the cone and plate. In this
investigation, K, was measured by calibrating the instru-
ment with National Bureau of Standards oil L according
to the procedure outlined by Biery and Huppler (2).

Falling-Sphere Viscometer Data

Falling-sphere data were taken in order to estimate 7.,
the viscosity at zero shear rate. A cylinder (diameter D)
filled with the test fluid (density p) was mounted in a con-
stant temperature bath. Tiny ruby or glass spheres (diam-
eter d, density p,) were allowed to fall from rest along the
axis of the cylinder. The terminal velocity of fall (v.) was
measured.

Viscosities were calculated according to the formula

7 =n/K (10)

in which 5, = d*(p. — p)g/18 v, is the classic Stokes’ law
expression [see, for example, Lamb (7)], and K (= 1)
is a correction which accounts for boundary and inertial
effects.® The correction K is a function of diameter ratio
d/D and Reynolds number Nz, = dv,p/4. In this in-
vestigation the maximum values of d/D and Nj. were
0.022 and 0.7, respectively. For Ny, < 0.1, K was calcu-
lated according to the Faxén equation [see, for example,
Bacon (1)] which reduces to the following form for these
small values of d/D and Ng.:

1/K = 1 — 2.10 (d/D) (11)
For Ny, > 0.1, K was read from an empirical correlation
of form K = function of (d/D, Ng.) based on data by
McPherson (12).

For each Natrosol solution, viscosities were calculated
according to Equation (10) for at least three sizes of
spheres. These viscosities were plotted as o vs. 3 v./d.
The desired limiting value v, was estimated by drawing
a straight line through the points of this plot and extrapo-
lating to 8 v./d = 0. This extrapolation was not drastic.
The correction introduced by the extrapolation was never
greater than 8%.

TREATMENT OF THE VISCOSITY DATA

Viscosity data for each Natrosol solution are plotted in
Figure 2. Falling sphere estimates of », are indicated by
horizontal lines. The cone-and-plate data are plotted as
discrete points. These points fall very nearly on straight
lines (power law behavior). Cone-and-plate data could
not be taken at sufficiently high shear rates for measuring
values of %.. Two sets of data are shown for each solution.
One set was measured before the converging flow experi-
ment, the other after.

One might reasonably ask whether the high shear-rate
data were affected by viscous heating. This possibility was
considered. Thermocouples mounted in the plate of the
viscometer in contact with the test fluid were used to

® Equation (10) is strictly applicable only to Newtonian fluids. Natro-
sol solutions are non-Newtonian. But for low shear rates (as in the fall-
ing sphere measurement) they behave very nearly like Newtonian fluids
with viscosities near 7.
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Fig. 2. Viscosity data at 25°C. for agueous solutions of Natrosol 250 H.
The curves are drawn in accordance with the new viscosity model of Equa-
tion (5). Corresponding parameters are recorded in Table 2.

monitor the temperature. No temperature rise due to vis-
cous heating could be detected, even for the most viscous
solution (0.7% Natrosol) at the highest shear rate {20,000
sec.™). A quantitative estimate of the viscous heating ef-
fect was calculated according to equation 55 of the analy-
sis by Turian (20) (equation 4.2-9 of alternate reference
19). The temperature dependence of viscosity required for
this calculation was determined from viscosity data at
20°, 25°, 30°C. recorded in Table F-6 of reference 17.
The calculated viscous heating correction for the most
viscous solution at the highest shear rate was only 0.3%.

Curve Fitting of Models to the Data

The viscosity data in Figure 2 have been fitted by the
two-parameter Ostwald-de Waele model; by the three-
parameter Ellis, Powell-Eyring, and Seely models; and by
the new three-parameter model of Equation (5).

In each of the three-parameter models, parameter =,
was taken to be the experimental value determined from
falling-sphere data. The two remaining parameters in each
model were determined by curve fitting. The curve-fitting
procedure for the new model of Equation (5) was out-
lined earlier in this paper. Similar procedures were fol-
lowed for the Ellis, Powell-Eyring, and Seely models. For
the Ellis model, the master plot was of form log (%/7.)
vs. log (/7)) with curves for several values o% «. The
data plot was of form log 7 vs. log r. For the Powell-Eyring
model, the master plot was of form log (»/%.) vs. log
(BA) with curves for several values of 7./n.. The data plot
was of form log 7 vs. log A. For the Seely model, the
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master plot was of form log (4/9.) vs. log (or) with
curves for several values of 5./7,. The data plot was of
form log 7 vs. log +. Since experimental values of 5. were
not available, 5. was treated merely as an adjustable

TaBLE 2, Viscosrty MODEL PARAMETERS FOR
AQuEOUs NATROSOL SoLuTION AT 25°C.

Ostwald-de Waele model

Concentra- m, —(n—1), Range of

tion, wt. % g./(cm.){sec*") dimensionless A, sec.™
0.3 1.544 0.374 500-20,000
0.5 8.83 0.479 100-20,000
0.7 20.0 0.548 50-20,000

Ellis model
a—1

Concentra- T, dynes/  dimen- Range of

tion, wt. % 1., poise sq. cm. sionless A, see.™
0.3 0.245 107.0 0.9 0-20,000
0.5 1.26 87.0 1.2 0-20,000
07 5.10 90.2 14 0-20,000

New model, Equation {5)

Concentra- A, dimen- Range of

tion, wt. % ., poise sionless B, sec. A, sec.™
0.3 0.245 0.50 0.014 0-20,000
0.5 1.26 0.60 0.068 0-20,000
0.7 5.10 0.66 0.225 0-20,000
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parameter in the curve-fitting procedures for the Powell-
Eyring and Seely models.

As one might anticipate from the nature of these vis-
cosity data, the new model and the Ellis model give bet-
ter curve fits than do the Powell-Eyring and Seely models.
Curves drawn in Figure 2 show tl?:e fit obtained with the
new model. Maximum errors in fitting data for the 0.7%
Natrosol solution are of the order = 4% for the new
model, == 7% for the Ellis model, = 199% for the Powell-
Eyring model, and = 309% for the Seely model. The Ost-
wald-deWaele model gives an excellent fit of the cone-
and-plate data but, of course, cannot describe ..

Parameters for the Ostwald-de Waele model, the Ellis
model, and the new model of Equation (5) are recorded
in Table 2.

FLOW RATE VS. PRESSURE DROP RELATIONSHIP FOR
LAMINAR TUBE FLOW

Consider the fully developed laminar flow of an incom-
pressible fluid in a cylindrical tube. The geometry is
sketched in Figure 8. It is assumed that the fluid is of
generalized Newtonian type. Then the shear stress 7, vis-
cosity n, and shear rate A are related as follows:

(12)

Integration of the equation of motion yields the fol-
lowing expression for the axial pressure gradient. (The
equation of motion is given in cylindrical coordinates on
page 85 of reference 3.)

P 2r

dz r

Here P = p + pgZ cos B. The term —pgZ cos B is the
hydrostatic pressure with respect to a horizontal datum
plane through the origin Z = 0. Expression (12) for r
may be substituted into Equation (13) to obtain

=—7gA=qy

(13)

“Z~ T "R (14
The volumetric flow rate Q is defined as
Q= foV,2m'dr (15)

As outlined on page 70 of reference 3, this expression may
be integrated by parts twice in succession to obtain the
following equation. (The boundary condition V, = 0 at
r = R is applied following the first integration.)

el A

VERTICAL AXIS

o
O
?\’\\*\
Fig. 3. Flow in a cylindrical tube. Cylindrical coordinates are

r, 8, Z. The tube radius is R. The angle between the positive Z axis
ond an axis directed vertically upward is 8.
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(16)

Q=§"( ")’x‘—ﬂx’sd')’)

Equation (14) is next solved for r and the resulting ex-
pression substituted into Equation (16) to obtain

T = oy \*
=—| Ry:—R® ( ) d ] 17
o=2[mn-mf(Z)a]
Equations (14) and (17) for the pressure gradient and

volumetric flow rate are valid for any fluid of generalized
Newtonian type.

It is next assumed that the viscosity 5 is described by
the new model of Equation (5). When Equation (5) for
7 is substituted into Equation (14) and the resulting ex-
pression is converted to dimensionless form, the following
equation results:

dP RB [arc sinh (Bya) ]“

Tz o (Bys) (Byz)

Similarly, Equation (5) for 4 may be substituted into
Equation (17) and the resulting expression converted to
dimensionless form to obtain

QB = __ [ arcsinh (Bys) T*
'-35 (Bh){ 1 [_—(Byg) ]

I arc sinh (Byz v*)
‘f°[ar (BVx'yZ) -

(18)

I omrar } oo
in which y* = y/ya.

Equations (18) and (19) indicate that (— dP/dZ)
(RB/2n,) and QB/R® are both functions of By: and A.
Hence these two equations define (— dP/dZ) (RB/2n,) as
an implicit function of QB/R® and A. This relationship has
been determined. A numerical tabulation of (— dP/dZ)
(RB/2n,) and QB/R® calculated according to Equations
(18) and (19) is recorded in Table C-3 of reference 17.
Entries are given for thirty-six values of Byz (at intervals
of approximately 1/5 logarithmic cycle in the range 0.01 =
Byz = 100,000) and for fifty-one values of A (at intervals
of 0.02 in the range 0 = A = 1). In the calculation for
QB/R®, the integral was evaluated by Simpson’s rule of
numerical integration with a subinterval Ay* = 0.05.

The preceding numerical solution for tube flow can be
put to practical use. Two applications are described be-
low.

Prediction of Pressure Losses

Suppose that viscosity data are available and that it is
desired to predict pressure losses in laminar tube flow.
From Table C-3 of reference 17 a master plot of

dP RB ) ( QB ) . .

log IZ o vs. log /5 prepared with curves
for several values of A. Such a master plot is shown in
Figure 4. Parameters 7,, A, and B are determined from
the viscosity data according to the procedure outlined
earlier in this article. The dimensionless group QB/R® is
next calculated for the desired flow rate Q and tube radius
R. Then (—dP/dZ) (RB/2%,) corresponding to the known
values of A and QB/R’® is read from the master plot.
Finally, since R, B, and 7, are known, one can calculate
— dP/dZ. (A similar procedure for the Powell-Eyring
model is described in reference 5.)

Determination of Viscosity Model Parameters from Tube
Flow Data

Suppose now that Q vs. dP/dZ data are available and
that it is desired to determine parameters 5., A, and B. As
described in the preceding paragraph, a master plot of
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Fig. 4. Relationship between flow rate and pressure gradient for

lominar flow in a cylindrical tube when the viscosity is given by

Equation (5). The line for A = 0 represents Newtonian behavior

(Poiseuille’s faw). Table C-3 of reference 17 contains entries for

plotting nine interpolation curves between each pair of curves shown
here,

dP RB
e\~ %z 2,

for several values of A. The Q vs. dP/dZ data are plotted

dP R
as log(——zz?) vs. log(%) on a piece of graph

B
vs. log ("'QRT) is prepared with curves

paper with the same scale as that of the master plot. This
data plot is superimposed on the master plot and moved
about (keeping the coordinate axes of both plots parallel)
to find the curve of the master plot which best fits the
data. Parameter A is read from this curve. Parameter B is
read from the abscissa on the master plot which coincides
with the Q/R® = 1 abscissa on the data plot. The ratio
n./B is read from the ordinate on the data plot which
coincides with the (— dP/dZ) (RB/2x,) = 1 ordinate on
the master plot.
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NOTATION

parameter, Equations (5) and (6), dimensionless
parameter, Table 1 and Equations (5) and (86),
t

sphere diameter, L

cylinder diameter, L

local acceleration of gravity, L

correction to Stokes’ Law, Equation (10), dimen-
sionless

factor in Equation (8), L*

factor in Equation (7), L™

parameter, Table 1, ML7¢**

parameter, Table 1, dimensionless

pressure, MLt

p + pgZ cos B, MLt

volumetric flow rate, L't
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r = cylindrical coordinate, Figure 8, L

R = tube radius, Figure 3, L

Nz. = Reynolds number d v, p/5, dimensionless
T = torque, Equation (7), ML*%”

v: = terminal velocity of fall, Lt*

Z = cylindrical coordinate, Figure 3, L

Greek Letters

a = parameter, Table 1, dimensionless

B = angle defined in Figure 3, dimensionless

vy = —4, Equation (12), ¢

y= = yatr= R, Equation (14), t*

v* = v/vz Equation (19), dimensionless

A = shear rate, Equation (4), t*

A = rate of deformation tensor, Equation (1), #*

Ay = i component of A, ¢

» = viscosity, Equation (1), ML™t*

7 = d(p, —p)g/18 v,, Equation (10), ML™t*

7. = limiting viscosity at zero shear rate, ML ™™

n = limiting viscosity at very high shear rates, ML7¢"

é = cylindrical coordinate, Figure 3, dimensionless

T = 3.14159 . . .

p = Huid density, ML

p. = sphere density, ML™®

¢ = parameter, Table 1, M~ L#*

T = shear stress, Equation (4), ML7t*

T = viscous momentum flux tensor, Equation (1),
ML

m = parameter, Table 1, MLt

7. = parameter, Table 1, ML7¢*

@ = angular velocity, Equation (8), *

Special Symbols
II. = second invariant of A, Equation (2), ¢*
III, = third invariant of A, Equation (8), £
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